Abstract-Electric arc furnaces (EAF) are commonly used in steel industry. Unfortunately, nonlinear characteristic of the arc furnace and its stochastic behavior bring about many problems, e.g. voltage flicker and waveform distortions. The AC furnaces are usually modelled using combined models which divide the phenomenon taking place in real objects into a deterministic and a stochastic or chaotic parts. The former can be expressed by a nonlinear differential equations. The paper goal was to take advantage of the earlier results, i.e. a closed form of the solution to one of the most popular nonlinear differential equations used for the AC electric arc modelling, and start research towards a complete EAC model which covers not only the deterministic but also the time-varying nature of the arc waveforms. Such a model can be helpful, among others, in solution to power quality problems in EAF supplying networks. Theoretical considerations have been illustrated by some examples and the results have been compared with measurements.
I. INTRODUCTION
Electric arc furnaces (EAFs) are used for melting metals in steel industry. A reliable EAF model is especially required during the design stage of new steel plants in order to estimate the possible problems with power quality [1] , among others, waveform distortions and voltage flicker at the point of common coupling (PCC), and to undertake some actions to reduce the negative effects on the power network and loads in the adjacent area.
The development of a realistic arc model is a demanding task because of its stochastic and nonlinear nature [1] , [2] . The arc ignites and extinguishes in a random way especially in the beginning of the EAF work cycle. The arc voltage-current (V-I) characteristic changes during the melting process. Most of the models worked out so far are two-step -they consist of a deterministic part extended further with the help of chaotic, stochastic or modulated components [3] , [4] , [5] , [6] , [7] . Modelling of the deterministic V-I characteristic can be made using, among others, nonlinear differential equations [5] , [6] , [8] , [9] , piece-wise linear approximations [4] , mixed approximations using exponential and linear functions [4] , approximations using shifted and amplified step functions [10] , and the frequency domain approach is also possible [11] . Those approaches have different complexity and modelling accuracy.
In this paper a stochastic approach to EAF modelling based on a nonlinear differential equation has been proposed and preliminarily verified using real EAF data. The proposed solution is data driven -the model can be adapted to any given current waveform. Moreover, the proposed model is rather aimed at reproducing waveforms having the same statistics as measured ones than at exactly predicting the output waveforms for a given input signal.
II. ANALYSIS OF EAF CURRENT AND VOLTAGE SIGNALS
The extraordinary arc phenomena and EAF analysis attracts researchers all over the world. The reactive power and waveform distortions introduced by EAFs into the network make their modelling very important not only form the theoretical but also from the practical point of view [1] , [2] , [3] , [4] , [5] , [6] , [12] .
A simplified diagram of a typical supplying system of the EAF has been presented in Fig. 1 . It includes a supplying HV/MV transformer denoted by T1 and an electric arc furnace MV/LV transformer denoted by T2. Moreover, a parameter XLSC represents the short circuit reactance at the Bus 1 which is the point of common coupling, parameters Lf and Rf represent inductance and resistance of the feeder between transformers T1 and T2, parameters Lc and Rc represent the equivalent impedance of the flexible cables, bus conductors and graphite electrodes.
It must be stressed that the EAF current distortion is relatively low, especially in comparison with the voltage. The average total harmonic distortion coefficient for current (THDI) and voltage (THDV) for typical waveforms captured during the melting stage of the EAF cycle are equal to 4.0% and 23.5%, respectively. The average harmonic content for these waveforms has been presented in Table I . The calculated THD coefficients as well as harmonic content, describing waveform distortions and presented in Table I , are consistent with results reported by other researchers [13] , [14] . Exemplary arc current and arc voltage waveforms, acquired during the melting stage of the EAF work cycle, have been presented in Fig. 2 .
Besides the distortion level, analysis of the real current and voltage waveforms acquired at the secondary windings of the EAF supplying transformer ( Fig. 1 ) reveals a sort of amplitude modulation phenomenon ( Fig. 3 and 4) . It can be observed that the modulation parameters are changing randomly with time, so the current and voltage are, in fact, stochastic processes.
III. EAF DETERMINISTIC MODEL
The proposed stochastic approach to EAF modelling is based on a deterministic model expressed by a nonlinear differential equation that comes from the instantaneous power balance equation [5] , [6] , [8] . The other approaches consist in approximation based on a step function [10] , [15] , a piece-wise linear or an exponential approximation [4] and a neural network black-box model [16] .
The application of the power balance law, which is the starting point of new EAF models, results in the following nonlinear differential equation describing a single-phase electric arc [8] :
where r(t) -the arc radius, i(t) -the arc current, k1, k2, k3 -the model coefficients determined experimentally, n and m -the equation parameters.
In this equation the arc radius is regarded as an unknown variable and the arc current i(t) as input data. Subsequently, the arc voltage u(t) can be determined using the following expression [8] : The arc equation (1) for n = 2 and m = 0, 1 or 2 can be brought to a linear equation [17] , [18] . Its solution is expressed by [19] :
where:
and finally the arc voltage can be determined using (2).
It can be proved that if the arc current is approximated by a sinusoidal waveform (see Section II):
then determination of auxiliary function (3) and subsequent application of (2) and (4) results in a closed form formula expressing the steady state arc voltage:
where: This is the starting point for building an EAF stochastic model. Its necessity is obvious if one compares measured waveforms and the deterministic model output signal defined by (7) . An exemplary approximation error determined for the arc voltage waveform presented in Fig. 2 has been shown in Fig. 5 . The error level does usually not exceed 10% except to times for which voltage crosses zero and error rises to 25%.
IV. STOCHASTIC APPROACH TO EAF MODELLING
The input current signal of a stochastic model can be represented by a stochastic process I(t). Obviously, the time domain description given by differential equation (1) and its solution given by (3) may be formally applied to calculate the system response to any single realization i(t) of the input stochastic process I(t). The set of these system responses can be then analyzed statistically. The whole set of input realizations, i.e. the input stochastic process I(t), and the corresponding set of output realizations, i.e. the output stochastic process U(t) representing the arc voltage, can be considered.
In this paper, we have focused on a short time analysis. The analysis of Fig. 2 and Fig. 3 leads to a conclusion that the EAF modelling can be carried out individually for consecutive time intervals in which the current is a sinusoidal deterministic waveform with constant amplitude and frequency. The lengths of these intervals can be as long as a few periods and depend on the EAF work cycle. Such an approach, which can be called a short time modelling, has been applied further.
It can be proved that if the realization of stochastic process I(t) representing the arc current for a short time is sinusoidal then the corresponding realization of stochastic process U(t) representing the arc voltage defined by (2) is expressed by (7) assuming its parameters and coefficients are constant.
Let us introduce stochastic behavior to the solution in the simplest possible way, i.e. by means of an additional random variable Γ with a zero mean value and a given probability density function:
Some exemplary V-I characteristics obtained assuming that n = 2, m = 0, k1 = 2565, k2 = 7.04, k3 = 26.7 [20] , and random variable Γ has uniform distribution U(-0.3,0.3) have been presented in Fig. 6 . The arc voltage waveforms obtained in this case have been presented in Fig. 7 .
Using the proposed approach, we can model random voltage amplitude changes but the shape of the waveform remains the same -see Fig. 7 . In order to take into account the shape changes the stochastic model should be rather based on a stochastic process Γ(t) than a random variable Γ:
Exemplary realizations of the process Γ(t) calculated on the base of measurement data presented in Fig. 2 and the deterministic solution (7) have been presented in Fig. 8 . The noisy spikes due to numerical errors, arising when the arc voltage crosses zero, have been removed by a low-pass filter. The identification of the stochastic process Γ(t) will be performed in the future. On the base of measurement data some non-stationary stochastic processes or their superposition will be tested against the possible application in the model given by (14) . Afterwards, having the description of the process Γ(t), the arc voltage stochastic process can be easily described using stochastic moments [21] . Depending on the identification results, at least the first and the second order moments, i.e. mean value μ ( ) and autocorrelation function ( , ), for the arc voltage stochastic process should be determined. These moments can be expressed with the help of the deterministic solution u(t) given by (7) as well as the corresponding identified moments which describe the process Γ(t), i.e. its mean value μ ( ) and autocorrelation function ( , ):
where E[⋅] denotes the expected value operator [21] .
Stochastic modelling can be more specific and closer to the phenomena under consideration than general methodology expressed by (13) and (14) . In this case, the following question must be answered: what makes the voltage waveforms stochastic if the input current is deterministic (see Fig. 2 ). For the model expressed by (1) there are two options:
• stochastic changes of the model coefficients (k1, k2 and k3),
• stochastic changes of the equation parameter m assuming that analysis is carried out separately for each value of the parameter n.
The first option have been considered in [20] using Markov chains and Monte Carlo approach, so further we will focus on the second option assuming that n = 2. It corresponds to the melting stage of the EAF work cycle -the most difficult one from the power quality point of view. Moreover, in this case the closed form deterministic solution expressed by (7) can be used as a starting point, too.
The voltage-current characteristics obtained assuming that parameter n = 2 and parameter m is a random variable M with continuous uniform distribution U(-0.15,0.15) have been presented in Fig. 9 . The uniform distribution has been chosen assuming that all m belonging to a given interval are equally probable. The distribution support has been determined experimentally to reflect similar range of change of the V-I characteristics as for the approach based on (13) -see Fig. 6 . The arc voltage waveforms obtained in this case have been presented in Fig. 10 .
Experiments have proved that the parameter m changes can cause similar results as observed for the simplest stochastic model expressed by (13) . It has been illustrated in Fig. 11 by two exemplary characteristics obtained for the random variable M taking value 0.1332 and for the random variable Γ taking value -0.25. V. CONCLUSIONS A stochastic EAF model can be obtained by transformation of a deterministic ODE expressing EAF power balance into a nonlinear random differential equation in which only the forcing term I(t) and thus the solution R(t) are stochastic processes. Such an approach is necessary if stochastic model describes EAF in longer time intervals. However, a short time analysis of measurement results have shown that in such a case the arc current can be approximated by a deterministic and sinusoidal waveform. So the EAF stochastic behavior can be the result of stochastic changes of either ODE parameters (n and m) or power balance proportionality constants (model coefficients, i.e. k1, k2 and k3) . However, the simplest way of building the stochastic model consists in introducing a random variable into the deterministic model. It can be especially useful to model long time EAF behavior. The paper shows that different stochastic approaches can lead to similar stochastic EAF characteristics.
Future work includes taking into account both long time current and short time parameters/coefficients stochastic changes. The important task consists in the identification of the stochastic process Γ(t) which will allow us to accurately reflect the real EAF behavior.
